In this paper we introduce an algebraic fuzzy equation of degree n with fuzzy coefficients and crisp variable, and we present an iterative method to find the real roots of such equations, numerically. We present an algorithm to generate a sequence that can be converged to the root of an algebraic fuzzy equation.
Introduction
Since 1965 where Zadeh [1] presented fuzzy logic, up to now, this logic is applicable in many fields of sciences. Sometimes outcome of a system depends on the roots of a fuzzy equation. Some fuzzy equations were checked in [2] [3] [4] [5] . Also a work [6] has been done on fuzzy nonlinear equations with fuzzy variables. There are some works on fuzzy equations in [7] . A recent work has been done on fuzzy linear systems by Muzzioli and Reynaerts [8] . All these methods compute the roots of an algebraic fuzzy equation analytically, but there are not any analytically solution for algebraic fuzzy equations with degree greater than 3.
In this paper we want to solve the algebraic fuzzy equation of degree n, with fuzzy coefficients and crisp variable, numerically.
The structure of this paper is as follows. In Section 2 we introduce an algebraic fuzzy equation of degree n, with fuzzy coefficients and crisp variables and some needed concepts to solve it. In Section 3 an algorithm is presented to solve an algebraic fuzzy equation of degree n, numerically. There are some examples in Section 4.
Preliminaries
Let F ðRÞ be the set of all real fuzzy numbers (which are normal, upper semicontinuous, convex and compactly supported fuzzy sets).
The parametric form of a fuzzy number is shown byṽ ¼ ðvðrÞ; vðrÞÞ, where functions v(r) and vðrÞ; 0 6 r 6 1 satisfy the following requirements [9] 1; m l 6 x 6 m u ; R e A ðxÞ; m u 6 x 6 u; 0; otherwise;
where L e A ðxÞ is the left spread membership function that is an increasing continuous function on [l, m l ] and R e A ðxÞ is the right spread membership function that is a decreasing continuous function on [
Definition 2.2. e P n ðxÞ is a fuzzy polynomial of degree at most n, if there are some fuzzy numbersã 0 . . .ã n , such that, e P n ðxÞ ¼ X n j¼0ã j x j : ð2:1Þ
Let n be a positive integer. An algebraic fuzzy equation of degree n, is defined bỹ a n x n þ . . . þã 1 x þã 0 ¼0; ð2:2Þ whereã 0 ;ã 1 ; . . .ã n 2 F ðRÞ andã n 6 ¼ 0: i.e., an equation e P n ðxÞ ¼0, where e P n ðxÞ is a polynomial of degree n.
Definition 2.3. We say a fuzzy numberṽ has ''m-degree polynomial form'' if there exist two polynomials of degree at most m; p m (r) and q m (r) such thatṽ ¼ ðp m ðrÞ; q m ðrÞÞ.
Let PF m ðRÞ be the set of all m-degree polynomials form fuzzy numbers. It has been shown in [11] that any LR fuzzy number can be approximated by a unique m-degree polynomial form fuzzy number.
Let
To solve the equation F(Y) = 0 by Gauss-Newton method [12, 13] we take AðY Þ ¼
. . . ; d and j = 1,. . . ,s. Now let Y (0) be an initial vector. Thus to improve this guess one must solve the system 
In a similar way
we have which is a system of nonlinear equations. We solve this system by an iterative Gauss-Newton method. 
. .
In above system we used A and B instead of A(Y) and B(Y), respectively. We solve this system with an initial vector Y (0) , by least square method and then we improve this guess. We find the sequence {Y (k) } as follows. With an initial vector Y (0) , in iteration k, we compute A (k) and B (k) and solve 
Thus we use the following algorithm:
. If the convergence condition is yield, then end. 7. k = k + 1, and go to step 3.
; ð3:6Þ and Proof. It is straightforward. h Proof. In this case we have jA T Aj = 0, because
and the Eq. Proof. In this equation we have
Sinceã 1 ¼0, we have b 11 + b 01 = c 11 + c 01 = 0, and consequently jA T Aj = 0 for any initial guess. h Theorem 3.6. Let n = 1 and m = 1 (triangular fuzzy numbers). Ifã 1 6 ¼0, then with any initial guess, in each iteration jA ðkÞ T A ðkÞ j 6 ¼ 0.
Proof. Letã 1 6 ¼0, thus
. If the equation is crisp then the sequence obtains from the following recurrence equation:
Proof. For a crisp function f, the system in iteration k, is as follows:
With Gaussian elimination method we have
Lemma 3.8. If the fuzzy Eq. (2.2) has a solution ðx Ã ;0Þ then x * is a root of the equation
Lemma 3.9. If x * is a root of the equation P n j¼0 ½ã j 1 x j ¼ 0, then the fuzzy equation e P n ðxÞ ¼ P n j¼0ã j x j ¼0 has a solution ðx Ã ;0 N Þ.
Proof. Let x * be a root of the equation
Ãj , thus ðx Ã ;0 N Þ is the solution of (2.2). h Lemma 3.10 [14] . In each iteration the system has a solution. } obtained from this method will not converge.
If the fuzzy equation e P n ðxÞ ¼0 has a solution and the initial point is close to a root of the equation then the method has a convergence sequence, thus if the equation has more than one root, the roots can be found by different initial vectors.
But there are two difficulties Let ðx Ã ;0Þ be the obtained solution from algorithm where x * < 0. In this case x * is a root of the equation, but fuzzy zero is0 If for Eq. (2.2), the fuzzy zero0 is given, then the problem reduces to finding a sequence {x k }, for the root of equation by the following recurrence relation:
The obtained sequence by (3.13) can be converged to a real numberx. Ifx is a root of P n j¼0 ½ã j 1 x j ¼ 0, then it will be a root of the Eq. (2.2), otherwise for given fuzzy zero the Eq. (2.2) does not have any root.
Numerical examples
Example 4.1. n = 3 and m = 1.
we have (see Table 1 ) thus ðr; 2 À rÞx 2 þ ðr; 3 À 2rÞx þ ð2r; 5 À 3rÞ ¼0
we have (see Table 2 )
As it seems this sequence does not converge.
Example 4.4. n = 2 and m = 3.
In this example the coefficients have not m À degree polynomial form, therefore we find the nearest approximations of coefficients out of PF 3 ðRÞ. Taking an initial approximation 
Conclusion
There are some works on algebraic fuzzy equations, but all these methods compute the roots of an algebraic fuzzy equation analytically and there are not any analytically solution for algebraic fuzzy equations with degree greater than 3. So using the numerical methods for such equations is a necessity.
In this paper a method presented to find the roots of an algebraic fuzzy equation with fuzzy coefficients and crisp variable, numerically and an algorithm generates a sequence which will converge if the modal value function has a root otherwise the sequence will diverge. Also if the equation has more than one root, the roots can be found by different initial vectors.
To solve an algebraic fuzzy equation, the root and fuzzy zero are considered as unknowns, so we find them by a sequence. If a fuzzy zero is given, then we find only the root of algebraic fuzzy equation.
